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Introduction
Carbide compounds belong to a class of systems that are often used to harden solid solutions or for their intrinsic high mechanical properties and high melting point temperatures. However, their properties are rarely investigated from both an experimental and a theoretical standpoint. In comparison, transition metal nitrides, which belong to another prominent class of materials that also exhibits high chemical stability and hardness, have already been studied widely by means of first-principles calculations [1] [2] [3] .
In nickel super-alloys and in titanium alloys, which are composed of many types of species, many precipitates are always present, carbides in particular. For instance, nickel-based super-alloys are materials capable of maintaining their high room-temperature mechanical properties even at elevated temperatures [4] [5] [6] . This ability is mainly attributed to the large number of metallic elements dissolved in the fcc Ni-matrix, which contribute to the mechanical properties by different strengthening mechanisms [5, 6] . One of them being the solid solution strengthening due to lattice distortions and alloying interference in lattice periodicity [5] . The strong reaction of alloying elements with carbon leading to carbides formation is used to strengthen by controlling grain size during elaboration processes, or enhancing high temperature mechanical properties by reducing grain boundary slip [5] [6] [7] . In titanium alloys, TiC structures can be found on the surface, which hardens the interface, but when formed within the matrix they reduce their mechanical properties. Furthermore, in alloys, when the carbon content, introduced by usage or manufacturing processes, is too high, it can precipitate and form many types of structures depending on the alloyed species. The physical properties of such structures are often poorly known even though they can significantly alter the properties of the matrix.
To understand the mechanical properties but also in the spirit of improving current and future materials, studying the main properties of these compounds is a modern way to design and predict structures. Firstprinciples calculations can therefore be used to provide such information. Polycrystalline properties and simulations should include realistic properties, sometimes experimentally unreachable. For instance, elastic constants, Debye temperatures and formation energies can help to improve such macroscopic models. In the case of transition metal carbides, there has been little work dealing with their ground-states properties. These works focus mainly on electronic properties and some of them on elastic properties (in the case of Nb-C systems). Nevertheless, there are no comprehensive studies comparing and summarizing the elastic and vibrational properties of these compounds. The aim of the present paper is to bring an exhaustive overview of these properties of transition metal carbides.
Among the transition metal species, nickel does not form intermediate stable compounds with carbon [8] , contrary to W, Mo, Nb and Ti species. We thus focused our attention on these four carbides systems: W-C, Mo-C, Nb-C and Ti-C alloys. We have put an on systems present in the phase diagrams, where identical crystallographic structures can be observed. Some of them were already investigated from their superconductivity properties, in particular the cF8 cubic structure, see discussion by Isaev [9] . In the following, we focus on ground state properties such as formation energies and lattice parameters, on elastic properties and finally on vibrational properties.
The remainder of this paper is organized into four sections. In section 2, we present the theoretical framework in which the structures were studied. We then present (section 3) ground state properties (lattice parameters, formation energies and atomic positions) of carbides X-C (X=Nb, Ti, W and Mo). Our results are discussed in the light of phase diagrams and experimental data. In section 4, the single-crystal elastic properties are presented and compared to the literature. To conclude (section 5), we will discuss their vibrational properties.
Computational details
The present calculations were performed based on the density functional theory (DFT), using the Vienna abinitio simulation program (VASP) [10] . Calculations were done with projector augmented waves pseudopotentials (PAW [11] ), with a cut-off energy of 600 eV. The Perdew-Burke-Ernzerhof (PBE) [12] exchange and correlation functional within its spin-polarized version was used. To compute formation energies, elastic constants (using finite differences [13] ) and crystal vibrations, integration over the Brillouin zone was carried out on dense meshes of k-points, approximately 10 000 k-points per atoms.
The inter-atomic force constants (IFCs) were calculated displacing only non-equivalent atoms along nonequivalent directions according to the symmetries of the system. The phonopy package [14] was used to generate finite displacements according to the symmetry of each structures, and it was then used to analyze and plot vibrational properties (phonon dispersion curves and density of states). For the calculation of IFCs, a super-cell approach was used, the lattice parameters of super-cells were taken larger than 10 Å, which corresponds to 1-4 primitive cells in each direction, depending on the size of the primitive cell.
Equilibrium properties

Nb-C alloys
We first put an emphasis on Nb-C compounds mainly taking account structures of the phase diagram. Seven binaries structures are referenced in this phase diagram, as pointed out by Smith et al [15] : NbC-cF8, NbC-hP2, Nb 4 C 3 -hR20, Nb 6 C 5 -mC22, α-β-and γ-Nb 2 C.
One has a cubic symmetry: NbC-cF8 (NaCl-like structure, Fm m 3 , space group 225) where Nb atoms are in the 4b sublattice (1/2, 1/2, 1/2), in Wyckoff notation, and C atoms are in the 4a (0, 0, 0) sites (an fcc structure were octahedral sites are filled).
α-Nb 2 C is an orthorhombic compound, considered by Smith as a meta stable structure at low temperature. In α-Nb 2 C (Pmcn, 62), all atoms (three non-equivalent sublattices) have the same Wyckoff positions: 4c (x, 1/4, z). We found x=0.9907, z=0.3751 for C atoms, x=0.7540, z=0.5455 and x=0.2648, z=0.7034 for Nb atoms. These optimized positions are in excellent agreement with experimental positions, see [15] .
There are also four hexagonal phases:
(i) NbC-hP2 (CW prototype, 187), where C atoms are in 1f (2/3, 1/3, 1/2) and Nb in 1a (0, 0, 0): Nb atoms are at the corner of the hexagons and C atoms fill half of the interstitial sites of the hexagonal structure;
(ii) A high-temperature hexagonal structure (above 2500°C): γ-Nb 2 C hP3, (W 2 C prototype, 164), where C atoms are in 2a (0, 0, 0) and Nb in 2d (1/3, 2/3, z=0.2504). Smith described it as an L'3 structure, where C atoms are randomly distributed on interstitial sites. In the ideal system, z=0.25, but here, there is only one C atom on the 2a site. Finally, we considered another hexagonal phase, NbC-hP12, based on the CMo structure (P mmc 6 3 , 194), where C atoms are in 2a (0, 0, 0) and 4f (1/3, 2/3, z), while Nb are on the 2b (0, 0, 1/4) and 4f sub-lattices. Our optimized values of z coordinates are 0.6650 and 0.0837, respectively.
The DFT formation energies (E f ) and lattice parameters of all structures are listed in table 1. Experimental and theoretical data are also reported for comparison. To compute the formation energies, we used carbon diamond and Nb-bcc as reference states. In the following, Ti-hcp, W-bcc and Mo-bcc were likewise used as the reference states of corresponding carbides. The carbon diamond phase was chosen instead of graphite (as is often the case in the theoretical literature) to reduce errors in the formation energy due to the Van-der-Waals interactions in the graphite, which are not taken into account in the PBE functional. This can explain the small difference between the formation energies we found and those of Hugosson [19] , the difference in energy between carbon diamond and graphite is E 15 meV.
The formation energies of Nb-C systems agree with earlier calculations [22] [23] [24] (from 1% to 10% depending on the system and the code). All systems are non-magnetic and highly stable thermodynamically ( E 0 f ). The most stable structure is Nb 6 C 5 , its formation energy is significantly lower than others, ∼−611 meV atom -1
. Table 1 . The formation energies (E f , in meV atom -1 ), the lattice parameters of Nb-C alloys (Å): comparison with literature. These results clearly suggest that the atomic bonds between the metal and the carbon are very strong. The calculated lattice parameters reproduce accurately the experimental values. In most cases, DFT values are slightly higher than experimental values, a maximum deviation of about 1.5% was obtained. In the case of atomic optimized positions, the agreement with experimental findings [20, 21, 25] is excellent (see above).
Mo-C alloys
The second phase diagram, Mo-C, was described by Predel [26] . There are one cubic, one orthorhombic and four hexagonal structures in it. The cubic phase, α-MoC, has the NaCl structure, described above. The orthorhombic structure, ζ-Mo 2 C, is based on ζ- (ii) γ-MoC, which has the same structure than WC (hP2, P m 6 2, 187) where Mo atoms are in 1a and C atoms in 1f (see above); 194) . For this structure, we follow the description made by Yamaura et al [28] : Mo atoms are in 2b (0, 0, 1/4), and 4f (1/3, 2/3, z=0.0853) and C in 2a (0, 0, 0) and 4f (1/3, 2/3, z=0.6744). Several choices were possible for C atoms, we must put four C atoms in the 6 different sites, all of them were studied. After optimization, we obtained that atomic positions move little. Our atomic positions are in good agreement with experimental values given in [28] ;
(iv) ò-Mo 2C prototype ò-Fe 2 N (P m 31 , 162): Mo atoms are in 6k (x=0.3329, 0, z=0.2488) and C in 1a (0, 0, 0), 2d (1/3, 2/3, 1/2).
Results are given in table 2. For all of structures, experimental and theoretical lattice parameters are in agreement, in the same way as for Nb-C systems (1%-3%). All structures are found to be metallic without magnetism. The formation energy is low, compared to the previous carbides, which can be explained by the strong stability of the Mo-bcc structure. We also obtained that α-MoC and γ'-MoC are energetically not stable ), the lattice parameters of C-Ti alloys (measured in Å), comparison with experimental data. (+154 and +55 meV, respectively) compared to others Mo-C systems. This result should be relied to the fact that these structures are only observed at high temperatures (>2233 K) [26] and experimentally known to display a C-depleted off-stoichiometry.
Ti-C alloys
In the Ti-C phase diagram [34] , there are only two intermediate structures, both with a cubic symmetry: (i) TiCcF8 (NaCl prototype, see above) and (ii) Ti 2 C-cF48 (Ga 33 Ge prototype, Fd m 3 , 227), where C atoms are located in the 16c sublattice (0, 0, 0) and Ti atoms in 32e (x, x, x), with x=0.3688.
The optimized lattice parameters, formation energies are summarized in table 3. As for previous systems, all compounds are metallic without magnetism. We found that the titanium-carbides are highly stable. Formation energy and lattice parameters of TiC are equivalent to the values obtained in earlier calculations [23, 37] . In the case of Ti 2 C, only one experimental observation has been reported [36] . Our theoretical lattice parameters and optimized atomic positions (for Ti) are in agreement with the experimental measurements.
W-C alloys
In the last phase diagram, five structures were discovered. For a complete description of this phase diagram, we suggest reading the paper of Kurlov et al [38] . In the following we adopted the same classification Kurlov used.
There are one cubic structure, γ-WC, with the NaCl structure and one orthorhombic compound, -W 2 C oP12 (ζ-Fe 2 N as prototype, Pbcn, 60). In -W 2 C, observed at high temperature, C atoms are located in 4c (0, y c , 1/4) and W in 8d (x w , y w , z w ). We obtained y c =0.3782, x w =0.2551, y w =0.4190 and z w =0.1232, in excellent agreement with experimental values [38] : 0.375, 1/4, 1/2 and 1/8, respectively.
Other structures have an hexagonal symmetry:
(i) δ-WC hP2 (P m 6 2, 187, see above): W atoms are in 1a (0, 0, 0) and C atoms in 1f (2/3, 1/3, 1/2). Kurlov [38] found that it is a para-magnetic structure;
(ii) -W 2 C hP3 (CdI 2 prototype, P m 3 1, 164) where W atoms are in 2d (1/3, 2/3, z) and C in 1a (0, 0, 0). We found z=0.2539 for an experimental value of 1/4; (iii) β-W 2 C hP3 (NbZr 2 prototype, P mmc 6 3 , 194): W atoms are located in 2c (1/3, 2/3, 1/4) and one carbon in 2a (0, 0, 0), there is a random arrangement of carbon atoms and vacancies. We choose to put a vacancy in (0, 0, 1/2). After atomic relaxation, atoms move slightly from the ideal position. These two last structures are strongly similar: when W atoms are moving along the z direction, ⟹ . In our simulations, since half of the 2a sublattice of β-W 2 C is filled with a vacancy, the final-relaxed configuration is the same as . Both results are thus almost the same. The difference with experimental lattice parameters can be explained either by temperature effects or by the disordered arrangement of C atoms, which were not taken into account in the present work. In addition, two other structures were studied: (i) W 2 C hP9 (ò-Fe 2 N, P m 31 , 162) where W atoms are in 6k (x=0.6679, 0, z=0.7523) and C atoms in 1a (0, 0, 0) and in 2d (1/3, 2/3, 1/2) and (ii) W 2 C (Pnnm, oP6, 58) where W atoms in 4g (0, y=0.2583, z=0.1588) and C atoms in 2a (0, 0, 0).
Results are listed in table 4. As for previous phase diagrams, simulations reproduced accurately experimental lattice parameters. γ-WC and β-W 2 C have positive formation energies like MoC-cF8, especially the γ phase. These structures should be stabilized thanks T. δ-WC, the more stable structure, is the only phase observed at low T (below 1500 K). The absence of magnetism is in agreement with experimental results.
Elastic properties
To compute elastic constants C ij , we choose to use the second derivatives of the energy with respect to the atomic positions of DFT. It is convenient to represent the second-order elastic constant with a symmetric 6×6 matrix: For cubic structures, there are only three independent constants, i.e., C 11 , C 12 and C 44 . In the case of orthorhombic phases, there are nine constants: C ii , (i=1-6), C 12 , C 13 and C 23 . For hexagonal compounds, there are five independent parameters (C 11 , C 33 , C 12 , C 13 and C 44 ). Other parameters (also computed) are linked to each others: C 11 =C 22 , C 12 =C 13 , C 44 =C 55 , and ( ) C C C 2 66 11 12
. Table 5 summarizes the calculated elastic constants of all carbides and reference states. In addition to the elastic constants, we report the bulk (B H ), the Young (E) and the shear moduli (G H ), the Poisson' ratio (ν), and the Debye temperatures ( D ).
For the reference states (Ni, Nb, Ti, Mo, W and C), DFT simulations lead to excellent results when compared to experimental values [17, 42] . The discrepancy is low, 5% for most elastic constants. The principal differences concern the C 44 values, for which we obtain in the case of Mo a lower value, the difference is of 40% for an unexplained reason. On the contrary, in the case of Nb, Ti, C and Ni, simulations reproduce accurately Table 5 . Elastic constants C ij (in GPa), bulk modulus (B H , in GPa), Young modulus E (in GPa), Hill shear modulus (G H , in GPa), the Poisson ratio ν, and the Debye' temperature D (in K) of carbides, comparison with the reference states and theoretical literature. As an additional information, we also give the ratio bulk to shear modulus. The last column gives the vibrational enthalpy at 0K (ZPE, in meV atom -1
.) [41] . From these constants, additional properties were investigated: (i) the elastic stability, (ii) the polycrystalline properties and (iii) the Debye temperature.
Using relations established by Mouhat [43] , we first verified that criteria for mechanical stability were met for all structures, which is consistent with experiments.
From elastic constants, polycrystalline properties were then computed: the Young, bulk and shear modulis, using the Reuss and Voigt approximation. In the case of cubic phases, the bulk modulus B is given by ( ) B C C 2 3 11 12 (the Voigt and Reuss approximations give the same value), while the Voigt and Reuss shear modulus G (G v and G r , respectively) are equal to: where
) is the compliance matrix, given by S C 1 . The mean Poisson' ratio (ν) is thus given by: The mean bulk and shear moduli as a function of C content are plotted in figure 1 . One can note that no general trend can be extracted from our results. For instance, the bulk modulus varies almost linearly with carbon concentration, contrary to the shear and Young moduli. This trend can be explained by the covalent nature of the bonds when the number of C atoms increases. The ratio of bulk to shear modulus, B/G, was proposed by Pugh [45] as an indicator criteria of ductile versus brittle characters. The shear modulus G represents the resistance to a plastic deformation, while the bulk modulus B represents the resistance to fracture. A high B/G value suggests a tendency for ductility, while a low value indicates a tendency for brittleness. The transition value, which separates ductile and brittle behaviors, was evaluated to be equal to about 1.75, based on experimental data. This ratio, reported in table 5, allow to predict that only four compounds should have a brittle behavior (hP2 structure for WC and MoC, and cF8 for NbC and TiC), the others should be ductile. There no common feature between the structure and brittle/ductile behavior.
To conclude, we compute the Debye temperature, D , by means of the following relation:
where v m is the average sound velocity in polycrystals, V a the atomic volume. v m was calculated with:
There is little data on this matter in the literature. Smith [7] summarized experimental values regarding NbC-cF8 and β-Nb 2 C. In the first system, the experimental value, which was measured between 446 and 500 K, is in good agreement with our theoretical value (473 K). In the case of β-Nb 2 C, we obtained a value of 544 K, that falls within the experimental interval of [ ] 460; 660 K. Our results are shown in figure 1. In the case of tungsten carbides, D is almost constant, while in molybdenum systems, there is a strong variation (416-800 K). It is noticeable that high values always correspond to brittle systems (NbC-cF8, TiC-cF8, δ-WC and -MoC).
Vibrational properties
Finally, we computed the vibration properties using the finite displacements approach (frozen-phonon approach). From the forces calculated with a reduced number of finite displacements, we deduced IFCs. By sampling the dynamical matrix for wave vectors, we calculate the vibrational density of states (total and projected density of states on non-equivalent atoms are represented) on fine q-meshes grids and plotted the dispersion curves. Results are depicted on figures 2-5.
From vibrational projected density-of-states, we deduced that motions within acoustic dispersion curves are thus almost entirely due to transition metal atoms and that optic modes correspond to the vibration of the C atoms. Carbon frequencies are thus almost always significantly higher in energy than those of the transition metals, inducing a wide gap (forbidden band) in the vibrational structures. The width of this gap results from the great mass difference between C atoms and the transition metals (4-12 times lighter). The dispersion curves around the Γ point (associated to the sound waves) do not show any anomaly, which is in agreement with our results on the mechanical criteria.
Here, again, experimental data are lacking, most results (experimental and theoretical studies) concern only cubic structures. For instance, in the case of cF8 structures, the comparison with frequencies computed by Isaev is excellent. The discrepancy in frequencies is less than 1% for TiC, 1%-4% for NbC. The finite displacement method and density functional perturbative theory (DFPT), used by Isaev [9] , therefore provide similar results. The comparison with experimental TiC density of states reported by Pintschovius [46] is excellent, this further validates other results.
Two structures have imaginary frequencies: α-MoC and β-WC. In their work on cubic mono-carbides, Isaev et al [9] also note that α-MoC and β-WC show many imaginary frequencies. These structures are dynamically unstable, despite the fact that they are mechanically stable. These results are confirmed when we increase significantly the size of the super-cells used to compute IFC (3×3×3 super-cells, i.e., 216 atoms per cell). In the phase diagram, these structures are not stoichiometric: the carbon concentration is offstoichiometric (C W
Mo, see the phase diagrams [38] and [26] , respectively) and they are synthesized only at high temperatures. Thermal effects and intrinsic defects could explain the stability of these structures.
We sought a trend concerning vibrational properties. For identical structures, vibrational properties are quite similar: hP9 (β-Nb 2 C, ò-Mo 2 C and W 2 C), hP2 (γ-WC, γ-MoC, NbC), oP12 (Nb 2 C, ζ-Mo 2 C and -W 2 C), cF8 structures and hP3 (β-W 2 C and γ-Nb 2 C) structures. The difference between Nb, W, Mo systems can be rationalized using their respective atomic weights. Finally, from the vibrational properties, the zero-point energy (ZPE) of all structures were computed at 0K (see last column in table 5). Enthalpy energy is slightly lower of about 20-40 meV, that which does not change the relative stability of the phases.
Conclusion
We have used first-principles calculation for a complete and systematic study of transition metal carbides alloys. DFT results of the ground state properties yield excellent agreement with experimental measurements and observations. The theory reproduce accurately lattice parameters and atomic positions of structures. From elastic constants, we deduce that all structures are mechanically stable. However, from vibrational dispersion curves, we obtain that some structures should not be stable at low temperature.
